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Abstract. We investigate the presence of dynamical heterogeneity in supercooled water with molecular
dynamics simulations using the new water model proposed by Mahoney and Jorgensen [M.W. Mahoney,
W.L. Jorgensen J. Chem. Phys. 112, 8910 (2000)]. Prompted by recent theoretical results [J.P. Garrahan,
D. Chandler, Phys. Rev. Lett. 89, 35704 (2002)] we study the dynamical aggregation of the least and the
most mobile molecules. We find dynamical heterogeneity in supercooled water and string-like dynamics
for the most mobile molecules. We also find the dynamical aggregation of the least mobile molecules. The
two kinds of dynamical aggregation appear however to be very different. Characteristic times are different
and evolve differently. String-like motions appear only for the most mobile molecules, a result predicted
by the facilitation theory. The aggregation of the least mobile molecules is more organized than the bulk
while the opposite is observed for the most mobile molecules.

PACS. 64.70.Pf Glass transitions – 61.20.Lc Time-dependent properties; relaxation

1 Introduction

The investigation of water is important for the under-
standing of many technological and biophysical processes.
Water is also one of the most ‘fragile’ liquids [1] in
Angell’s classification [2,3] of glass-formers. However wa-
ter has been reported to become ‘strong’ [1,4] at very
low temperatures. The comprehension of supercooled wa-
ter is then important for the understanding of fragility.
‘Fragility’ is often associated with the increase of a cor-
relation length with temperature decrease [5–7]. The ex-
istence of dynamical heterogeneity is expected to be at
the origin of this correlation length [5,8]. Dynamical het-
erogeneity has been observed experimentally and using
molecular dynamics (MD) simulations in various glass for-
mers and spin glasses [5,9]. From MD simulations these
heterogeneities are usually characterized by an aggrega-
tion of the most mobile molecules [10–13]. Heterogeneities
observed in NMR hole burning experiments correspond
however to molecules of low mobility [9]. In a recent the-
ory [14], molecules of low and high mobility are expected
to be at the origin of the strange behavior of glass-formers.
Molecules of low mobility are also expected to be of great
importance in the ‘frustration limited domain theory’ [6].
The observation of the behavior of low mobility molecules
in supercooled water and its comparison with the behavior
of high mobility molecules is then of great interest to us.
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The presence of an aggregation of low mobility molecules
may also give information on the conditions that preside
to crystallization in supercooled water.

In this article we use MD simulations with the recent
TIP5P potential [15] to study supercooled water. This new
potential has been found to be closer to real water than
previously proposed pair-wise additive potentials [15–17].
We checked that no crystallization occurs during our
simulations [18]. We find dynamical heterogeneity in su-
percooled water together with string-like dynamics for
the most mobile molecules. More interestingly to us we
also find the dynamical aggregation of the least mobile
molecules. The characteristic time corresponding to this
kind of heterogeneity increases very rapidly when temper-
ature decreases. The two kind of dynamical aggregation
appear to be very different. Characteristic times are dif-
ferent and evolve differently. String-like motions [9,19,20]
appear only for the most mobile molecules. The aggrega-
tion of the least mobile molecules is more organized than
the bulk while the opposite is observed for the most mobile
molecules. This article is organized as follows: in Section 2
we describe the simulation procedure, in Section 3 we dis-
cuss the different results and Section 4 is the conclusion.

2 Calculation

The present simulations were carried out for a system
of 507 molecules (507 O + 1014 H). We used the TIP5P
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potential [15,16], which reproduces well the structural and
dynamical properties of water [16,17]. We used the den-
sities calculated in reference [16] and corresponding to
a constant atmospheric pressure for this potential. The
equations of motions were integrated with a Gear algo-
rithm [21] and the quaternions method [21]. The time step
was chosen equal to 10−15 s. The reaction field method [21]
was employed to take into account long-range electrostatic
interactions in the same conditions than described in ref-
erences [15,16]. The system is heated at a temperature
of 300 K to insure homogenization; then it is cooled to the
different temperatures of study with a Berendsen thermo-
stat [22] and stabilized during 10 ns for the lowest temper-
atures studied. After stabilization the configurations are
recorded during 10 ns and the autocorrelation functions
are then calculated from these configurations. We checked
that no crystallization occurred during these last 10 ns.

In the Markovian approximation the self Van Hove cor-
relation function Gs(r, t),

Gs(r, t) =
1
N

.
∑

i

δ(r − (|ri(t) − ri(0)|) (1)

which represents the probability for a particle to be at
time t at a distance r from its earlier position at time 0, has
a Gaussian form. Departure from this Gaussian form has
been found in various glass forming liquids and is thought
to be due to dynamical heterogeneities. Such deviations
are usually characterized by the Non-Gaussian parameter:

α2(t) = 3/5 〈r4(t)〉/〈r2(t)〉2 − 1 (2)

where 〈r2(t)〉 is the mean square displacements

〈r2(t)〉 =
1

NNt0

.
∑

i,t0

(|ri(t + t0) − ri(t0)|)2 (3)

and 〈r4(t)〉 is defined by the relation:

〈r4(t)〉 =
1

NNt0

.
∑

i,t0

(|ri(t + t0) − ri(t0)|)4. (4)

The Non-Gaussian parameter reaches a maximum for
a characteristic time usually named t∗. t∗ evolves with
temperature and is thought to be a characteristic of the
heterogeneity. However we define in this article the times
that correspond to the maximum of the aggregations as
the characteristic times of the heterogeneities. We then
define the mobility µi of the molecule i by the relation:

µi(t) = (r2
i (t)/〈r2(t)〉)0.5. (5)

We then select molecules of high and low mobility
for the calculation of dynamical heterogeneity. This se-
lection is then dependent on the time t chosen in the def-
inition of the mobility µi(t). When not specified we use
as usual the time t∗ corresponding to the maximum of
the Non-Gaussian parameter as the characteristic time in
this procedure. However we show in this article that if
the characteristic time corresponding to the most mobile
molecules is equal to t∗, this is not the case for the least
mobile molecules. We then define another characteristic
time t− that corresponds to the maximum of the aggre-
gation of the least mobile molecules.

3 Results

This section is organized as follows: In a first part we inves-
tigate the presence of dynamical heterogeneity in super-
cooled water. We show the aggregation of the most mobile
molecules (MMM) and the aggregation of the least mobile
molecules (LMM). Then we compare the different charac-
teristics of these two kinds of heterogeneity. We study the
characteristic times associated with these heterogeneities,
and the evolution of the aggregations with temperature.
Then we investigate the presence of string-like dynam-
ics [9,19,20] associated with the different heterogeneities
and finally the angular organization of the two kinds of
aggregations.

A simple method to investigate the presence of dy-
namical heterogeneity is to calculate the radial distribu-
tion function (RDF) for molecules of different mobility.
This function g(r) represents the probability to find the
center of mass of a molecule at a distance r from the
center of mass of another molecule. This function is also
equal to the distinct Van Hove correlation function at time
zero G(r, 0) = g(r). If the RDF (G(r, 0)) corresponding
to molecules of different mobility are different, then dy-
namical heterogeneities are present. Figure 1a shows the
RDF between mean molecules of water (continuous line)
together with the RDF between the 6 percent most mobile
water molecules (full circles) and the 6 percent least mo-
bile molecules (dashed line). The three RDF differ. This
result shows the presence of dynamical heterogeneities in
supercooled water. Moreover the peak values for the most
mobile molecules are higher than the corresponding peaks
for the mean molecules. This increase persists up to the
fourth neighbor and can be interpreted as the signature
of an aggregation of the most mobile molecules. The same
increase is observed for the least mobile molecules. We de-
duce then the occurrence of two kinds of aggregations, an
aggregation of the least mobile molecules (LMM) and also
an aggregation of the most mobile molecules (MMM).

We can see in Figure 1a that the aggregation of the
MMM corresponds to molecules less organized than the
mean molecules: the RDF of the most mobile molecules
decreases much less, between the different peaks corre-
sponding to the most probable positions, than the RDF of
the mean. In contrast, the aggregation of the least mobile
molecules is more organized than the bulk at the same
temperature: the RDF vanishes almost to zero between
the first peaks. However the structure observed in Fig-
ure 1a for the LMM is still the structure of liquid water
since the positions of the peaks do not change, the width of
the peaks is still important and the RDF does not totally
vanish between peaks. The aggregation of the LMM corre-
sponds neither here to crystallization nor to Low Density
water. However crystallization may be favored by these
aggregations [18].

In previous simulations [23] the mobility of wa-
ter molecules has been related to the local structure.
Molecules of high mobility have been related to a distorted
local tetrahedral structure, while molecules of low mobil-
ity have been related to an approximately tetrahedral local
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Fig. 1. (a) Radial distribution function between the centers of mass of: the 6 percent most mobile water molecules Gmm(r, 0)
(full circles), the 6 percent least mobile water molecules Glm(r, 0) (dashed line) or mean water molecules G(r, 0) (continuous
line) at a temperature of 240 K. The 6 percent most or least mobile molecules are selected from the mobility of each molecule i:
µi(t) with t = t∗ = 28 ps for the most mobile molecules and t = t− = 500 ps for the least mobile molecules. Inset: Functions
A+(r, t∗) = Gmm(r, 0)/G(r, 0) − 1 (full circles) and A−(r, t−) = Glm(r, 0)/G(r, 0) − 1 (dashed line) at a temperature of 240 K.
r represents here the distance between the centers of mass of two water molecules. The dotted line corresponds to the axis.
(b) Radial distribution function between the centers of mass of: the 6 percent most (dashed line) or least (dotted line) mobile
water molecules and the mean water molecules, at a temperature of 235 K. This function represents then the mean environment
around the most mobile or the least mobile molecules. The radial distribution between the mean water molecules is also plotted
for comparison (continuous line) at the same temperature. The corresponding coordination numbers are also plotted with the
same lines than the radial distribution functions.

structure. This comportment has been then related to the
local energy of these different structures [23].

These results open the question of a possible relation
between the local structure and the dynamical aggrega-
tions observed in our simulations. We then plot in Fig-
ure 1b the radial distribution function of the whole set
of water molecules surrounding molecules of low and high
mobility together with the mean radial distribution func-
tion. We also plot in this figure the corresponding coor-
dination numbers. A pure tetrahedral structure leads to
a coordination number equal to 4 for the first neighbor
distance. In this viewpoint we then expect a higher coor-
dination number for molecules of high mobility. We can

see in Figure 1b that this is the case here. The most mo-
bile molecules correspond to a local structure more dis-
torted than the mean while the least mobile molecules
correspond to a local structure less distorted than the
mean. In opposition with what is observed in other glass-
formers we then observe a clear correlation between the
local arrangement and the dynamical heterogeneity in su-
percooled water. This correlation is however too weak in
comparison with the results of reference [23] to lead to a
simple structural explanation for dynamical heterogene-
ity in water. Dynamical heterogeneity seem to be favored
in regions corresponding to specific local structures, the
mobility being then enhanced by cooperative motions or
dynamic facilitation [14].



358 The European Physical Journal B

In order to study the evolution of the aggregation of
the least mobile molecules with temperature, we need to
evaluate first the characteristic time (t−) of this aggrega-
tion. Due to the mathematical form of the Non-Gaussian
parameter, see equation (2), the most mobile molecules
(MMM) contribution predominates in the evolution of the
Non-Gaussian parameter (NGP) α2(t). The contribution
of the MMM is much more important in 〈r2〉 and in 〈r4〉
than the contribution of the LMM, because in the sum-
mation r2

i and r4
i is much more important if molecule i is

a MMM. Then in contrast with what is observed for the
MMM, t− may be different from the characteristic time
of the Non-Gaussian parameter t∗.

The mobility µi(t) of the molecule i is defined by the
relation [5]. We then select molecules of high and low mo-
bility for the calculation of dynamical heterogeneity. This
selection of molecules of high and low mobility depends on
the time t chosen in the definition of the mobility µi(t).
We define here the function:

A+(r, t) = Gmm(r, 0)/G(r, 0) − 1. (6)

In this formula Gmm(r, 0) is the radial distribution
function between the centers of mass of the most mobile
water molecules, and G(r, 0) is the mean radial distribu-
tion function between two molecules. A(r, t) gives a mea-
sure of the correlation increase between mobile molecules.
Similarly we define A−(r, t) for the least mobile molecules.
We can see in the inset of Figure 1a these functions
A+(r, t∗) (full circles) and A−(r, t−) (dashed line) corre-
sponding to the most and the least mobile water molecules
at a temperature of 240 K. The sizes of the aggregations
(10 Angstrom in both cases) may be easily read from this
figure. The negative value of A−(r, t−) at the first mini-
mum of the radial distribution function shows even more
clearly than in Figure 1a that for short distances the ag-
gregation of the least mobile molecules is more organized
than the bulk. In contrast, the maximum value of A+(r, t∗)
at the same position shows that the aggregation of the
most mobile molecules is less organized than the bulk.

We then define the integrals I+/−(t) of the func-
tions A+/−(r, t) by:

I+(t) = N/V

∫ ∞

0

A+(r, t)4πr2dr (7)

I−(t) = N/V

∫ ∞

0

|A−(r, t)|4πr2dr. (8)

In our notations functions A−(r, t) and I−(r, t) cor-
respond to the LMM while functions A+(r, t) and I+(t)
correspond to the MMM. Because the correlation increase
of LMM leads to negative values of A−(r, t) for some par-
ticular distances r, we have added an absolute value in
the integration of A−(r, t). Functions A(r, t) represent the
correlation increase between molecules of approximately
the same mobility, and distant of r. Functions I(t) rep-
resent then the global increase of the correlation between
molecules of high (I+) or low (I−) mobility. I(t) is then
related to the number of molecules aggregating and to the

size of the aggregation. For all these reasons we will name
here this function I(t): Intensity of the aggregation.

Figures 2a and b show the intensities of the aggre-
gations of the least I−(t) and the most I+(t) mobile
molecules versus time together with the NGP at the tem-
peratures of 235 K (Fig. 2a), and 250 K (Fig. 2b). We find
that the maximum of the aggregation of the most mobile
molecules I+(t) and the maximum of the Non-Gaussian
parameter appear at the same characteristic time t∗. Fig-
ures 2a and b show then that the Non-Gaussian parameter
and the intensity I+(t) of the aggregation of MMM are re-
lated in some extent, because the characteristic times are
the same (t∗), and the time evolutions of the two curves
also correspond. This result confirms the hypothesis of a
direct relation between the Non-Gaussian parameter and
heterogeneity in supercooled liquids. In contrast Figure 2
shows that molecules of low mobility (I−(t)) have a very
different behavior. We find that the maximum of the ag-
gregation of the least mobile molecules I−(t) does not ap-
pear at the same characteristic time t∗. We then find the
apparition of a new characteristic time (t−), associated to
the aggregation of the least mobile molecules. This new
characteristic time (t−) is much larger than the character-
istic time (t∗) associated to the Non-Gaussian parameter
and to molecules of high mobility (t− > t∗). However t− is
still within the time scale of the primary relaxation process
named α relaxation for the temperatures studied here. The
rapid evolution of t− versus t∗ may be seen in Figure 2c.

We then find that each component has its own char-
acteristic time. The first characteristic time (t∗) is associ-
ated with the aggregation of the most mobile molecules,
and the Non-Gaussian parameter. The time (t∗) may also
be associated with string-like cooperative motions of the
most mobile molecules. This point will be discussed fur-
ther. The second characteristic time (t−) is associated
with the aggregation of the least mobile molecules. Within
the temperature range studied (300 K to 235 K) we
find a rapid increase of the two characteristic times (t∗
and t−) with temperature decrease. However the time as-
sociated to LMM (t−) increases much more rapidly when
the temperature decreases than the time associated to the
MMM (t∗). In both cases we have checked that a modifica-
tion of the percentage of mobiles or non-mobiles molecules
does not affect the characteristic times values. This is
in opposition with the height of the peaks that decrease
when the percentages increase, an effect clearly due to the
contribution of more and more non-aggregating molecules
when the percentages increase.

In opposition with the results reported from the fa-
cilitation theory [14], at low temperatures, the NG pa-
rameter and the intensity of the aggregation I−(t) versus
time have a different shape. However the maximum in-
tensities of the aggregation of MMM I+(t∗) and of the
aggregation of LMM I−(t−) have roughly the same val-
ues. This result leads to the question of a possible relation
between the two kinds of heterogeneities. However this
question is still opened. We have observed these results for
all the temperatures studied. The difference between the
two characteristic times increases when the temperature
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Fig. 2. (a) Functions I−(t) (empty circles) and I+(t) versus time (full circles) for the 6 percent least (I−(t)) or most (I+(t))
mobile molecules together with the Non-Gaussian parameter α2(t) (continuous line) at a temperature of 235 K. α2(t) is here
multiplied by a factor 30. (b) As Figure 2a but at a temperature of 250 K. (c) Ratio of characteristic times t−/t∗−1 corresponding
to the water molecule motion versus 1000/T where T is the temperature in kelvin.
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decreases. The difference between the shapes of the two
peaks increases when the temperature decreases. At low
temperature the peak of I−(t) is broader in logarithmic
scale than the peak of I+(t). At a temperature of 300 K
the two curves (I+(t) and I−(t)) do coincide. Then when
the temperature decreases the intensity of the aggregation
of the LMM shifts more rapidly to longer times than the
other curve. The observation that the aggregation intensi-
ties I+(t) and I−(t) are equal at high temperature seems
to confirm a possible relation between the two kinds of
heterogeneities.

We will now investigate the presence of string-like
dynamics in supercooled water with the TIP5P poten-
tial. String-like dynamics has been reported in various
glass-formers, experimentally [9,19] and with MD sim-
ulations [20,24]. In these supercooled glass-formers,
molecules of high mobility are following each other in a
characteristic time t (usually t∗). This dynamics seems
to be a characteristic of dynamical heterogeneity in su-
percooled liquids. String-like dynamics has been reported
very recently to be present in supercooled water [25] from
MD simulations with the simpler SPCE extended simple
point charge potential [26]. The same behavior has also
been observed from the inherent structures viewpoint [23].
However it seems important to verify the presence of this
dynamics in supercooled water with the new five sites
TIP5P potential [15]. In order to characterize and com-
pare the dynamics of the different heterogeneities, we will
also investigate here the dynamics of the least mobile
molecules. We will then now investigate the presence of
string-like dynamics for the MMM and the LMM. For
this purpose we calculate the distinct Van Hove auto-
correlation function G(r, t). This function represents the
probability to find a molecule at time t, at a distance r
from the position of another molecule at time zero. We de-
fine Glm(r, t) for the LMM and Gmm(r, t) for the MMM.
String-like dynamics results in a sharp increase of G(r, t)
at r = 0 when t approaches the characteristic time of the
strings. This characteristic time corresponds to the mean
time for the replacement of one molecule by another in-
side a string. Figure 3a shows a sharp increase of Gmm(r, t)
at r = 0 with a characteristic time t∗ for the MMM. It
should be noted that oxygen and hydrogen mobile atoms
present independently this sharp increase. In contrast in
Figure 3b we do not find the same behavior for the LMM
for the characteristic time (t−). Instead the first maxi-
mum of Glm(r, t) only broadens when t increases. String-
like dynamics is then associated only with the MMM in
our simulations. This result is in agreement with the fa-
cilitation theory predictions [14]. The heterogeneities as-
sociated with the MMM and the LMM correspond then
to different motions and different characteristic times.

Figure 4 shows the HO..H angular distribution func-
tions for the least mobile (full circles), the most mobiles
(empty circles) and mean molecules (continuous line) at a
temperature of 235 K. In our notation in HO..H the two
points correspond to the hydrogen bonding between two
molecules. In dashed line we have plotted for comparison
the angular distribution corresponding to a totally disor-
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Fig. 3. (a) Distinct part of the Van Hove correlation func-
tion Gmm(r, t∗) (full circles) and Gmm(r, 0) (dashed line)
between: the 6 percent most mobile oxygen atoms at a tem-
perature of 240 K. t∗ = 28 ps is the time corresponding to
the maximum of the Non-Gaussian parameter for oxygen at a
temperature of 240 K. (b) Distinct part of the Van Hove corre-
lation function Glm(r, t−) (full circles) and Glm(r, 0) (dashed
line) between: the 6 percent least mobile oxygen atoms at a
temperature of 240 K. t− = 500 ps is the time correspond-
ing to the maximum of the aggregation of the least mobile
molecules (maximum of I−(t)) at a temperature of 240 K.
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dered medium i.e. to the solid angle distribution. The inset
shows the same angular distribution functions divided by
the solid angle distribution. We find in Figure 4 a slight
increase of angular order for the least mobile molecules
and a decrease of this angular order for the most mo-
bile molecules in comparison with the mean. The prob-
ability of finding the angles HO..H equal to their mean
values is higher for the least mobile molecules (empty cir-
cles) and lower for the most mobile molecules (full circles).
We then find that the least mobile molecules have more
defined orientations and are then more ordered than the
mean molecules while the most mobile molecules have less
defined orientations and are less ordered than the mean
molecules. This behavior is emphasized in the inset where
the distribution functions are divided by the solid angle
distribution. Empty circles representing the least mobile

molecules are here clearly higher than the continuous line
representing the mean molecule while the full circles repre-
senting the most mobile molecules are lower. The observed
structure is still the structure of liquid water even if the
least mobile molecules have higher angular and structural
correlations than the bulk. We then find an aggregation
of the least mobile water molecules with more defined an-
gles and structure but with the structure of the liquid. On
the other hand we find an aggregation of the most mobile
molecules with less defined angles and structure, while the
mean molecules do not aggregate.

4 Conclusion

Using the new TIP5P potential we found dynamical het-
erogeneity in supercooled water and string-like dynam-
ics for the most mobile molecules. The time evolution
of the intensity of the aggregation of molecules of high
mobility has been found to follow the time evolution of
the Non-Gaussian parameter. The characteristic times as-
sociated to the Non-Gaussian parameter, string-like mo-
tions and the aggregation of the most mobile molecules
have been found to coincide for supercooled water in the
temperature range studied. More interestingly to us we
also found a dynamical aggregation of the least mobile
molecules. A new characteristic time is found, associated
with the aggregation of molecules of low mobility. The
two kinds of dynamical aggregation appeared then to be
very different. Characteristic times are different and evolve
differently. String-like motions appear only for the most
mobile molecules, a result predicted by the facilitation
theory [14]. In opposition with the predictions of the fa-
cilitation theory however, the timescale for the decay of
the non-Gaussian parameter is found to be different from
the decay of the clusters of low mobility. The aggregation
of the least mobile molecules is more organized than the
bulk while the opposite is observed for the most mobile
molecules. However the intensity of the aggregations of
the same percentage of least and most mobile molecules
are roughly equals in the temperature range studied here.
Moreover at the melting temperature the two curves co-
incide. These results open then the question of a possi-
ble correlation between these two kinds of heterogeneities.
The rapid time evolution of the aggregation of molecules
of low mobility when temperature decreases opens also the
question of a possible correlation with fragility. Work is in
progress to answer these questions.

We would like to thank Gilles Tarjus for an interesting discus-
sion at the beginning of this work.
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